We introduce the notion of a virtually nonexpansive selfmap of a metric space and show that the fixed point set of such a map is generally a retract of its convergence set. We also show that the class of virtually nonexpansive maps properly contains the class of (continuous) asymptotically quasi-nonexpansive maps. When the domain is complete and the fixed point set is totally bounded, we give another description of the convergence set of a virtually nonexpansive map and use it to show that the convergence set is always a G δ -set. We also discuss some criteria to obtain an explicit retraction from the domain onto the fixed point set in Banach space settings.
Introduction
It is well know that, in many situations, the fixed point set of a nonexpansive map f : (X, d) → (X, d) is a nonexpansive retract of X. For example, when X is a locally weakly compact convex subset of a Banach space and satisfies the conditional fixed point property [2] . More recently, this result has been extended to an asymptotically nonexpansive map [4] . From homotopical point of view, all those results imply that the fixed point set cannot be homotopically more complicated than X. However, in those situations, X is already contractible, we immediately obtain the fact that the fixed point set is always contractible. Although this fact is not technically new in the sense that it can be proved directly in many situations [3, 7] , it really initiates the study of the E-mail address: phichet.c@chula.ac.th. 1 The author is supported by Thailand Research Fund Grant No. BRG4780013. homotopical structure of the fixed point set via a retraction in a more general settings. Therefore, in this paper, we try to form a basis of such a study by introducing a new kind of selfmap of a metric space, called a virtually nonexpansive map, which enjoys many nice properties as far as a retraction onto the fixed point set is concerned.
The paper is organized as follows. In Section 1, we prove that a virtually nonexpansive map is more general than an asymptotically quasi-nonexpansive map. Moreover, for a metric space (X, d) and a virtually nonexpansive map f : X → X whose fixed point set is nonempty, we naturally obtain a retraction from a certain subset of X (instead of X itself) onto the fixed point set. We call such a subset the convergence set of f and it consists of every point x whose Picard iteration (f n (x)) converges. Then, in Section 2, we further explore the convergence set of a virtually nonexpansive map topologically by showing that the convergence set is always a G δ -set in X when the domain X is complete and the fixed point set is totally bounded. Finally, in Section 3, we discuss situations where we can obtain a retraction from the domain X onto the fixed point set. Unlike the usual retraction arising from Zorn's lemma, we can apply the results on strong convergence of various iteration schemes approximating a fixed point [5, 6, 8, 9 ] to obtain such a retraction explicitly.
Throughout this paper, (X, d) always denotes a metric space and f : X → X a continuous map. The fixed point set of f will be denoted by F (f ). The continuity of f guarantees that F (f ) is a closed subset of X. Since we are only interested in the structure of F (f ), we will always assume that F (f ) = ∅.
Recall that a map f : X → X is called
• an asymptotically nonexpansive map (ANX) if there is a sequence (k n ) ⊆ R + converging to 1 such that d(f n (x), f n (y)) k n d(x, y) for any x, y ∈ X and n ∈ N;
Notice also that a QNX may not be continuous in general, but in our settings, the continuity is always assumed. Moreover, we always have the following implications:
Virtually nonexpansive maps
We define the convergence set of f to be
Notice that we naturally obtain the map
which may not be continuous in general. Since we always have f ∞ (x) = x for any x ∈ F (f ), the map f ∞ will be a retraction whenever it is continuous. Moreover, when f ∞ is continuous, any retraction from a superset of C(f ) (e.g., the domain X itself) onto F (f ) that satisfies a certain condition (which is weaker than being f -ergodic in the sense of [4] ) is simply a continuous extension of f ∞ by the following theorem.
Proof. For each x ∈ C(f ), we clearly have
The next theorem is our criterion for the continuity of f ∞ that will be used throughout. Let E(f ) = x ∈ X the family of iterates f n is equicontinuous at x .
Proof. Let x ∈ C(f ) and ε > 0. By equicontinuity, there exists δ > 0 such that for any y ∈ X and n ∈ N,
which proves the continuity of f ∞ at x as desired. 2
Definition 1.3. A continuous map f is said to be a virtually nonexpansive map (or VNX) if C(f ) ⊆ E(f ).
From the definition above, we can restate the previous theorem as:
If f is a VNX, then f ∞ is continuous and hence a retraction.
Example 1.6. Let D 2 and S 1 denote the unit disk and the unit circle in C, respectively. Also, let
The converse of the previous theorem is not always true as we will see in the next example.
The next theorem surprisingly gives us another classification of a VNX in terms of the fixed point set.
With out loss of generality, we may assume that r < Then, for each n ∈ N and y ∈ B(x, δ), we consider the following 2 cases:
Case n > N: Suppose n = N + i for some i ∈ N. By (1) and (2), we clearly have
Hence, x ∈ E(f ) as desired. 2
The next theorem shows that the set of all VNXs contains the set of all AQNXs.
Theorem 1.9. Every AQNX is a VNX.
Proof. Let f be an AQNX. Then there exists a sequence (k n ) ⊆ R + converging to 1 such that
and n ∈ N. By the previous theorem, it suffices to show that
The next example ensures that the set of all VNXs is strictly larger that the set of all AQNXs. Example 1.10. Let X = D 2 − {0} and f : X → X be defined by f (z) = z |z| . Clearly, F (f ) = S 1 , C(f ) = X and E(f ) = X. Hence, f is a VNX. Now suppose f is an AQNX. Then, there is a sequence (k n ) ⊆ R + converging to 1 such that |f n (z) − p| k n |z − p| for any z ∈ X, p ∈ S 1 and n ∈ N. Pick a point z ∈ D 2 − {0} with |z| < 1 and let q = f (z) ∈ S 1 and p ∈ S 1 the opposite point of q. Then it follows that 2 = |q − p| = |f n (z) − p| k n |z − p| and hence 2 lim n→∞ k n |z − p| = |z − p|. This clearly contradicts the fact that |z − p| < 2. Therefore, f is not an AQNX.
Topology of C(f )
Unlike F (f ) which is always closed, C(f ) looks more complicated even for a nice space (see Example 2.1). However, for a VNX, it turns out that we can describe C(f ) in some situations. Therefore, in this section, we will start by giving another description of C(f ) that generalizes Theorem 2.1 in [1] to a VNX when its fixed point set is totally bounded. Then we will show that, under some circumstances, C(f ) is always a G δ -set in X.
Example 2.1. Convergence sets of various VNXs:
Theorem 2.2. Let (X, d) be a complete metric space and let f : X → X be a VNX. If F (f ) is totally bounded, then
Proof. Clearly, we always have
) is assumed to be complete, it suffices to show that the sequence (f n (x)) is Cauchy. Let ε > 0. Since F (f ) is totally bounded by assumption and complete (being a closed subspace of a complete space), it is compact. Then, there exists p
Since f is a VNX, we have p ∈ E(f ). Then, there exists δ > 0 such that, for each n ∈ N and
That is (f n (x)) is Cauchy as desired. 2
The following example shows that when F (f ) is not totally bounded, the previous theorem may not be true. Let f : X → X be defined by
is not totally bounded. Moreover, it is not difficult to verify that the set {x n | n = 1, 2, . . .} is discrete and hence {f n } is clearly equicontinuous on X. So we have C(f ) ⊆ E(f ) = X; i.e., f is a VNX . Since d(x n , F (f )) = d(x n , B 
Theorem 2.4. Let (X, d) be a complete metric space and let
Proof. We first note that, for each m ∈ N, the set
Therefore, by the previous theorem, it suffices to show that
but this is easily obtained from the series of equivalences:
Retraction via iteration schemes
In this section, we will use results on strong convergence of well-known iteration schemes approximating a fixed point in Banach spaces [5, 6, 8, 9 ] to obtain an explicit retraction from the domain X onto F (f ). Recall that, from our results in Section 1, f ∞ is always continuous whenever f is nonexpansive or quasi-nonexpansive. In fact, it follows readily from the definitions that f ∞ is (quasi-) nonexpansive whenever f is. Proof. By [9] , the conditions in this theorem imply that (T n x 0 ) converges for each x 0 ∈ X; i.e., C(T ) = X. Hence, by the previous observation, T ∞ is a quasi-nonexpansive retraction from X onto F (T ). 2 
Proof. The proof is rather straightforward and can be found in [5] for μ ∈ [0, 1) and λ ∈ (0, 1). However, since T 0,0 = T 0,1 = I , T 1,0 = T and T 1,1 = T 2 , the theorem is also true for any λ, μ 
Proof. Since T is a nonexpansive map, we have F (T λ,μ ) = F (T ) and T λ,μ is nonexpansive by Lemma 3.2. Hence, the map T ∞ λ,μ : C(T λ,μ ) → F (T λ,μ ) is continuous and nonexpansive. By [5] , since T satisfies one of the above conditions, the sequence (T n λ,μ x 0 ) converges to a fixed point of T for any x 0 ∈ X; i.e., C(T λ,μ ) = X. Therefore, T ∞ λ,μ is a nonexpansive retraction from X onto F (T ). 2
From the above idea, we obtain the following two general theorems. Proof. By the assumption F (T ) = F (T λ,μ ) and by Lemma 3.2, the map T λ,μ is clearly quasinonexpansive. Hence, T ∞ λ,μ is the desired quasi-nonexpansive retraction from C(T λ,μ ) = X onto F (T λ,μ ) = F (T ). 2
